Abstract. Solid tumours have the ability to assemble their own vascular network for optimizing their access to the vital nutrients. These new capillaries are morphologically different from normal physiological vessels. In particular, they have a much higher spatial tortuosity forcing an impaired flow within the peritumoral area. This is a major obstacle for the efficient delivery of antitumoral drugs. This work proposes a morpho-elastic model of the tumour vessels. A tumour capillary is considered as a growing hyperelastic tube that is spatially constrained by a linear elastic environment, representing the interstitial matter. We assume that the capillary is an incompressible neo-Hookean material, whose growth is modeled using a multiplicative decomposition of the deformation gradient. We study the morphological stability of the capillary by means of the method of incremental deformations superposed on finite strains, solving the corresponding incremental problem using the Stroh formulation and the impedance matrix method. The incompatible axial growth of the straight capillary is found to control the onset of a bifurcation towards a tortuous shape. The post-buckling morphology is studied using a mixed finite element formulation in the fully nonlinear regime. The proposed model highlights how the geometrical and the elastic properties of the capillary and the surrounding medium concur to trigger the loss of marginal stability of the straight capillary and the nonlinear development of its spatial tortuosity.
Introduction
Living matter has the ability to change its macroscopic shape even in absence of external forces, thanks to the activation of microscopic rearrangement processes such as growth and remodelling [3] . In fact, whenever such underlying transformations introduce a geometrical incompatibility in the micro-structure, a state of internal stress arises in the material in order to accommodate these misfits. The accumulation of such internal stresses beyond a critical threshold may drive the onset of an elastic bifurcation. Morpho-elastic models successfully describe many morphological transitions in living and inert matter [2, 21, 17, 18] .
Recently, several works have addressed the problem of the stability of cylindrical structures subjected to differential growth and geometrical constraints. In [30] , Moulton and Goriely studied the buckling of an hollow cylindrical tube subjected to a radial and circumferential differential growth. Subsequently O'Keeffe et al. [33] addressed the problem of the stability of a solid cylinder growing along the axial direction, embedded into an elastic inert matrix and confined between two parallel, rigid planes. The stability of residually stressed cylindrical structures has been further studied by exploiting an alternative approach, prescribing the residual stress field instead of the growth tensor [29, 16] .
This work aims at modelling the morphogenesis of the tumour vascular network. After an initial avascular phase, a solid tumour can activate a process known as angiogenesis, assembling its own vascular network for opening a new access to the vital nutrients [26, 1] . These new capillaries are morphologically different from normal physiological vessels. In particular, they have a much higher spatial tortuosity and an increased permeability [36, 14] forcing an impaired flow within the peritumoral area. These structural peculiarities represent a major obstacle for the efficient delivery of antitumoral drugs [22] .
In [5] Araujo and McElwain have proposed a model of the growth induced residual stress in solid tumors, assuming that the buckling of capillaries is induced by the stress applied by the tumor on the vessel. A seminal morpho-elastic model of this biological process has proved that an incompatible growth process of the tumor intertium can explain the buckling of capillaries [28] but not as easily their tortuosity. The aim of this work is to study the stability of a growing hyperelastic hollow cylinder taking into account for the linear elastic constraint of the surrounding interstitial matter. Contrarily to the work of MacLaurin et al. [28] , we assume that the buckling of the tumor capillary is not triggered by the growth of the surrounding tissue growth but by the growth of the vessel wall.
This article is organized as follows. In Section 2, we introduce the morphoelastic model and we derive the basic axis-symmetric solution of the corresponding hyperelastic problem.
In Section 3, we perform a linear stability analysis of the basic axis-symmetric solution using the the method of incremental deformations superposed on a finite strain.
In Section 4, we describe the mixed finite element method that we have implemented to perform the numerical simulations of the post-buckling behavior. The results of both the theoretical analysis and the numerical simulations are finally discussed in Section 5, together with some concluding remarks.
The elastic model
Let the reference configuration of the elastic body be the open set Ω 0 ⊂ R 3 such that
representing the wall of the tumor capillary, composed by the endothelium and the basement membrane [20] , where R, Θ and Z are the cylindrical coordinates of the material point X. We denote by E R , E Θ and E Z the orthonormal vector basis in a cylindrical reference system.
We indicate by Ω the deformed configuration of the elastic tube and the mapping by ϕ : Ω 0 → Ω such that u(X) = ϕ(X) − X is the displacement vector and F = Grad ϕ = ∂ϕ ∂X be the deformation gradient.
The volumetric growth of the body is enforced by introducing a multiplicative decomposition of the deformation gradient [23, 24, 34] , as follows F = F e G so that G describes the metric distortion induced by the growth and F e is the elastic deformation of the material restoring the geometrical compatibility of the current configuration.
We assume that the material is hyperelastic and incompressible, since the tissue constituents are mostly made of water. Denoting by ψ its strain energy density per unit volume, the first Piola-Kirchhoff and the Cauchy stress tensors read
where p is the Lagrangian multiplier that enforces the incompressibility constraint det F e = 1.
Assuming quasi-static conditions in absence of external body forces, the balance of the linear and of the angular momentum reads
where Div and div denote the divergence operator in material and current coordinates, respectively. The nonlinear system of equations (2) is complemented by the following boundary conditions
where N denotes the outer normal in the Lagrangian configuration and µ k is the linear elastic stiffness of the outer peritumoral tissue. Since the intercapillary distance is much bigger than the characteristic diameter of the capillary, we indeed assume that the outer tissue exerts a linear elastic response that is simplified by an isotropic spring foundation.
2.1. Constitutive assumptions and basic axis-symmetric solution. We assume that the tube is composed of an incompressible neo-Hookean material, thus the strain energy ψ is given by
where I 1 is the trace of the right Cauchy-Green tensor C = F T F and λ i are the eigenvalues of the deformation gradient. We can write the Cauchy stress tensor (1) as
where I is the identity tensor. We further assume that the growth tensor G has the form
so that the elastic tube grows along the axial direction. We look for a solution of the form ϕ(X) = r(R)E R + ZE Z .
We denote by r i = r(R i ) and r o = r(R o ). For the sake of simplicity, in the following we omit the explicit dependence of r on the variable R. The deformation gradient is given by
Considering the equations (6) and (7), the incompressibility constraint det F e = 1 leads to the following differential equation (8) r r = γR so that
By enforcing the global incompressibility constraint in Eq. (9), we get
The inverse of Eq. (9) reads:
so that, from (8), we get:
From (5), (6) and (7) the Cauchy stress tensor reads
where e r , e θ and e z constitute the local orthonormal vector basis of the actual configuration in cylidrical coordinates and
In cylindrical coordinates, the balance of the linear and angular momentum (2) reads (12) dT rr dr
with the following boundary conditions (3):
Making use of (13), we can integrate the equation (12) from r = r i to r = r o , obtaining
so that, together with the equation (10), we obtain an equation for r i which can be solved numerically if we fix the ratio R o /R i and the axial growth parameter γ. Finally, we integrate the equation (12) from r i to r in order to determine the Lagrangian multiplier p, so that
The latter integral can be computed analytically, obtaining (14) p(r) = 1 2 γµ γR
Thus, we have found a basic axis-symmetric solution of the boundary value problem, that is given by Eqs. (9, 14) In the following, we study its marginal stability as a function of the control parameter γ denoting the local volumetric growth along the axial direction.
Linear stability analysis
In this section we study the linear stability of the finitely deformed tube by using the method of incremental deformations superposed on a finite strain [32] .
We rewrite the resulting incremental boundary value problem into a more convenient form called Stroh formulation and we implement a numerical method based on the impedance matrix method to solve it.
3.1. Incremental boundary value problem. We denote the incremental displacement field δu. Let Γ = grad δu, we introduce the push-forward of the incremental Piola-Kirchhoff stress in the finitely deformed configuration of the axissymmetric solution, that is given by (15) δP 0 = A 0 : Γ + pΓ − δpI, where
where A 0 is the fourth order tensor of instantaneous elastic moduli, δp is the increment of the Lagrangian multiplier that imposes the incompressibility constraint, and the convention of summation over repeated indices is adopted. The components of the tensor A 0 for a neo-Hookean material, are given by
where B e = F e F T e , λ e i are the eigenvalues of the tensor F e = FG −1 . Considering the growth tensor (6),the deformation gradient (7) and the equation (11), such eigenvalues are given by
The incremental form of the balance of the linear momentum and of the incompressibility constraint are given by (16) div δP 0 = 0, in Ω,
This system of partial differential equations is complemented by the following boundary conditions
where e r , e θ and e z is the vector basis in cylindrical coordinates in the actual configuration.
To implement a robust numerical method, we employ a method which is different to the one used in [33] where the authors studied the stability of a growing solid cylinder surrounded by an elastic tube. We reformulate the boundary value problem given by the equations (16)- (17) by using the Stroh formulation.
Stroh formulation.
We denote with u, v and w the components of δu in cylindrical coordinates.To reduce the system of partial differential equations (16) to a system of ordinary differential equations, we assume the following ansatz [28] :
where m ∈ N and k ∈ R with k ≥ 0.
Following the procedure exposed in [9] , we consider the components δP rr , δP θr and δP zr as additional unknowns. We assume then that δP rr (r, θ, z) = p rr (r) cos(mθ) cos(kz), (18) δP rθ (r, θ, z) = p rθ (r) sin(mθ) cos(kz), (19) δP rz (r, θ, z) = p rz (r) cos(mθ) sin(kz). (20) We substitute (18) into (15) obtaining the following expression for δp:
We introduce the displacement-traction vector η as
By using a well-established procedure [37] , exploiting the incremental constitutive relations (15), we can rewrite the incremental system of partial differential equations (16) as
where N ∈ R 6×6 is the Stroh matrix; the expressions of its components are reported in the appendix. In particular, we can identify four sub-blocks
Impedance matrix method. The system of ordinary differential equations gien by Eq. (22) is numerically solved using the impedance matrix method [10, 11] . We introduce the matricant
called conditional matrix. Such a matrix is a solution of the problem
It is easy to verify that the solution of the Stroh equation (22) is given by
Since T (r i ) = 0, exploiting the relation (24), we can define the conditional impedance matrix Z(r, r i ) [31] as
For the sake of simplicity we omit the explicit dependence of Z on r and r i . Such a matrix satisfy the following relation
Thus, we can observe that the Stroh system (22) can be written as
We now can substitute (26) in (27) obtaining a Riccati differential equation
As a starting condition, considering (23) and the definition of surface impedance matrix (25), we set Z(r i , r i ) = 0.
The boundary condition in (17) linked to the presence of the springs at r = r o can be written as
Non-null solutions of the incremental problem exist if and only if
For a fixed value of the control parameter γ we integrate the Riccati equation (28) from r = r i up to r = r o making use of the the software Mathematica (ver. 11.2, Wolfram Research, Champaign, IL, USA). We iteratively increase the control parameter γ until the stop condition (29) is satisfied. 
3.4.
Marginal stability thresholds and critical modes. In this section we discuss the results of the linear stability analysis. Setting µ k = 0, we neglect the elastic contribution of the surrounding matter, thus dealing with a classical problem of Euler buckling. The corresponding marginal stability curves are depicted in Fig. 1 , in quantitative agreement with the results obtained by Goriely and co-workers [21] . As expected, the marginal stability threshold tends to γ = 1 for m = 1 andk tends to zero, i.e. the critical mode is the one with infinite wavelength along the axial direction. the presence of an elastic foundation at the outer surface of the capillary drastically changes this limiting behavior of Euler buckling. The elastic boundary value problem is governed by the following the dimensionless parameters:
wherek represents the dimensionless axial wavenumber, α k is the ratio between the surface and bulk elastic energies, and α R is the geometrical aspect ratio of the tube. The radius of a tumour capillary measures 5.1 ± 0.7 µm while its length 66.8 ± 34.2 µm [25] . Thus, for a given length L, the admissible axial wavenumberk are given byk
for the sake of simplicity, in the following we considerk continuous since the slenderness ratio is small. In Fig. 2 we report the marginal stability curves when α k = 0.01. These marginal stability curves tend to the ones plotted in Fig. 1 where kR o is large. However, a different behavior arises in the limit where kR o tends to zero, especially since the marginal stability threshold γ now goes to infinity for m = 1.
This effect is even more evident by setting α k = 1, as sketched in Fig. . For each fixed value of the dimensionless parameter α k , we define the critical value γ cr as the minimum value of the marginal stability curves γ versusk for all the circumferential wavenumber m. The corresponding axial and circumferential critical modes are denoted byk cr and m cr , respectively. We plot the critical modes in Fig. 4 for two different values of the aspect ratio, α R = 0.5 (left) and 0.8 (right). In both cases the critical axial wavenumberk cr is increasing as α k increases, highlighting discrete changes of the critical circumferential wavenumber.
Also the critical value of the control parameter γ cr is an increasing function of the dimensionless parameter α k as shown in the plots of Fig. 5 . We also compute the dimensionless critical load τ that is applied on the top surface in order to enforce the torsion through the application of a surface traction at the tube top and bottom ends. Let S = {X ∈ Ω | Z = H}, this critical load is given by:
where γ cr is the marginal stability threshold and L cr = πR o /k cr is half of the critical wavelength.
In Fig. 6 we plot τ versus α k for α R = 0.5 and 0.8. In both cases, the critical load is a decreasing function of α k , so the presence of the outer elastic confinement has a stabilizing effect, whilst thinner tubes always require lower critical loads.
Post-buckling behaviour
In order to study the behavior of the buckled configuration far beyond the marginal stability threshold, we have implemented a finite element code to discretize and numerically solve the fully nonlinear boundary value problem given by (2)-(3).
4.1. Finite-element implementation. To break the axial symmetry of the problem, we numerically solve the boundary value problem only on half cylinder whose height is half of the critical axial wavelength:
wherek cr is the critical dimensionless wave-number arising from the linear stability analysis presented in Section 3 and (E X , E Y , E Z ) is the cartesian orthonormal vector basis. We discretize this domain by using a tetrahedral mesh composed by 93398 elements. We used the Taylor-Hood P 2 -P 1 element, i.e. the displacement ▲ ▲ field is given by a continuous, piecewise quadratic function while the pressure field by a continuous, piecewise linear function. The choice of this particular element is motivated by its stability for non-linear elastic problems [6] . Since we have only considered a half tube, we complement the boundary conditions (3) by adding the following equations
The numerical algorithm is based on a Newton continuation method [35] , the control parameter γ being incremented starting from 1 with an automatic adaptation of step if the Newton method does not converge.
In order to follow the bifurcated branch, a small perturbation is imposed at the outer boundary of the cylinder according to the critical mode arising from the linear stability analysis [13, 35] . The amplitude of such an imperfection is set to 0.005 R o .
The method is implemented in Python through the open source computing platform FEniCS [27] . As a linear algebra back-end we used PETSc [8] , the linear Newton iteration is solved in parallel through MUMPS [4] .
Numerical results.
In this section we show the results of the numerical simulations for α R = 0.5 and α k = 0.01. In this case, the critical mode is given bỹ k cr = 0.44, m cr = 1 and the critical threshold is γ cr = 1.1076.
We define ∆l as the average integral of the displacement along the direction E X on the top surface S, namely
.
Such a quantity represents a measure of the displacement of the top surface of the half-cylinder in the direction orthogonal to the axis of the cylinder and parallel to the plane Y = 0. Since we broke the axial symmetry of the problem by considering an half cylinder only, this is the only plane of symmetry. We can notice that the lumen is minimum where the tube has maximum curvature.
In Fig. 7 we plot ∆l/R o versus γ. The numerical results are in agreement with the numerical outcomes, this bifurcation diagram highlights the presence of a supercritical pitchfork bifurcation.
We show the actual configuration of the elastic tube for several values of the control parameter γ in Fig. 8 . In all the cases, there is a thinning of the tube and a reduction of the lumen in the regions where the curvature is higher as shown in Fig. 9 .
The numerical method does not converge near the theoretical marginal stability threshold if α k is large, probably because the bifurcation becomes subcritical. The improvement of the numerical algorithm is beyond the scope of this article; future works will aim at implementing an arclength continuation method which can also capture the behavior of subcritical bifurcations.
If we consider a tube of length 4π/k cr 28.55 with α k = 0.01 we obtain a slenderness ratio which is compatible with the experimental measurements [25] . In Fig. 10 we plot the evolution of the tortuosity of the capillary, we observe again that the lumen is minimum in regions where the curvature of the cylinder wall is maximum. 
Discussion and concluding remarks
In this work, we have proposed a morpho-elastic model of the tortuous shape of tumour vessels.
In Section 2, we have assumed that the tumour capillary is composed of a incompressible neo-Hookean material, and it behaves as a growing hyperelastic tube that is spatially constrained by a linear elastic environment, representing the surrounding interstitial matter. We have modeled the growth by using the multiplicative decomposition of the deformation gradient, assuming an incompatible growth along the axial direction, due to the spatial confinement applied at both ends.
In Section 3, we have derived a linear stability analysis on the basic axissymmetric solution using the method of incremental deformations superposed on finite strains [32] . In order to build a robust numerical method, we exploited the Stroh formulation and the impedance matrix method in order to reduce the incremental boundary value problem to a differential Riccati equation (28) .
The control parameter of the bifurcation is the axial growth rate γ, whose critical value is governed by two dimensionless parameters α R and α k , representing the geometrical aspect ratio and the ratio between the energy exerted by the surrounding matter and the bulk strain energy of the capillary, respectively.
The results of the linear stability analysis are collected in Figures 1-6 . Slender capillaries are found having a lower threshold of marginal stability. On the contrary, when increasing α k we find that the overall axial traction load exerted at the tube ends also increases, finding the Euler buckling as the limiting behavior for α k → 0 [21] . Interestingly, we find that the linear elastic constraint of the surrounding matter favours the occurrence of short-wavelength critical modes, thus explaining the tortousity of the observed tumour vessels.
The post-buckling behavior is studied implementing numerical simulation using a mixed finite-element method. The numerical algorithm is based on a Newton based continuation method with an adaptive increment of the control parameter. We considered a physiological geometry for a tumour capillary from referenced literature. The corresponding numerical simulation is validated against the linear stability threshold, showing that the bifurcation is supercritical, as depicted in Fig. 7 . The emerging morphology of the buckled vessel is illustrated in Figs. 8-10 . The tortuousity of the capillary is also characterized by lumen restrictions in the localised regions where the capillary reaches its maximum curvature. This suggests that the elastic bifurcation triggers a significant change in the flow properties inside the vessel.
In summary, the results of this work show that the tortuosity of the tumour vascular network is mainly driven by the elastic confinement of the interstitial matter where it is embedded. The emerging short-wavelength buckling is similar as the one observed for micro-tubules immersed in the cytosol [12] and for a growing solid cylinder surrounded by an inert elastic tube [33] . We remark that modelling the interstitial matter with linear springs is a large simplification. Thus, future developments will focus on taking into account for the nonlinear response of the tumour interstitium, possibly including the presence of residual stresses. Moreover, we will investigate the nonlinear effects of the simultaneous buckling of several neighboring capillaries in different spatial networks. The continuation method in numerical simulations shall also be improved in order to compute the full bifurcation diagram. [35, 19] . Finally, introducing an elastic-fluid coupling will allow us to quantify how the capillary tortuosity influences the inner fluid transport, possibly leading to new insights for optimizing drug delivery withing solid tumors [7, 15] .
